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The coincidence problem is analyzed in an illustrative fashion for some lattices and modules in
two and three dimensions which are important for crystals and quasicrystals. We give a complete
description of the groups of coincidence rotations with their associated indices and encapsulate

their statistics by means of generating functions.

Introduction

The concept of coincidence site lattice (CSL) arises
in the crystallography of grain and twin boundaries
[1]. Different domains of a crystal across a boundary
are related by having a sublattice (of full rank) in com-
mon. This is the CSL. It can be viewed as the inter-
section of a lattice with a rotated copy of itself, where
the points in common form a sublattice of finite index
(and we will not discuss any situation other than that).
So far CSLs have been investigated only for true lat-
tices, for example cubic or hexagonal crystals [2, 3, 4].
With the advent of quasicrystals infinitely many new
cases arise, since quasicrystals also have grain bound-
aries and one would like to know the coincidence site
quasilattices [5, 6] and, more specifically, which of
them can form twins (or multiple twins, where the
angle between the grains is a rational multiple of ).
Added impetus is given by the experimental progress
made in recent years [7, 8], in particular on the recon-
struction of fine structure details. So an extension of
the CSL analysis to all discrete structures is desirable.
We will attack this problem in two steps.

In this paper, we shall present an algebraic ap-
proach to the coincidence problem for planar struc-
tures with 4-, 6- and 12-fold rotation symmetry and
for 3D structures with cubic and icosahedral sym-
metry. This extends existing work [5, 9, 6] and puts
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it in a simpler, more unified setting. The results on
non-crystalline symmetries are needed for quasicrys-
talline T-phases which are quasiperiodic in a plane
and periodically stacked in the third dimension and
for 3D quasicrystals with icosahedral symmetry. Both
require a two stage treatment: not only do we have to
find the coincidence isometries (the universal part of
the problem) but also the specific modifications of the
atomic surfaces (also called windows or acceptance
domains) that are needed to describe the set of co-
inciding points. While we present the universal part
in detail, we only briefly comment on the acceptance
corrections.

In Part 1 of the article we set the scene by starting
with the coincidence problem for the square lattice
Z*. The set of coincidence transformations for Z2
forms a group, the generators of which can be given
explicitly through their connection with Gaussian in-
tegers [10]. Simultaneously, the so-called X'-factor or
coincidence index can be calculated for an arbitrary
CSL isometry. We then show how a completely anal-
ogous procedure gives the results for the triangular
lattice A,. Though this is not new, the approach we
use here can be generalized to quasiperiodic planar
patterns with N-fold symmetry [11]. We give explic-
itly the results for twelvefold symmetry and discuss
their relation to the previous two cases.

Part 2 of the article deals with the 3D case. Again
we start with the known case, in this instance the cubic
lattices [12, 2, 3], but formulate the results in an al-
gebraic way that allows an immediate generalization
to the coincidence problem for the 3D icosahedral
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modules of rank 6, the most important ones for the
description of icosahedral quasicrystals [10]. As 3D
rotations do not commute in general, the coincidence
rotations form a non-Abelian group whose structure
is more complicated than in the 2D case. Nevertheless
the main results are simple and are given below.

Part 1: The two-dimensional case

A lattice (or module) I" may admit certain rotations
R (special point symmetries) which bring RI" into
perfect coincidence with I'. In addition to these one
can also find rotations such that RI'N I is a sublattice
of I' of finite index, the so-called coincidence site
lattice [5, 13, 2, 3], CSL. The index is called the
coincidence index (or X'-factor) of the rotation R:

YR)=[I':(I'"RI]. 1

Onehas Y (R) = Z(R™1). The set of all such rotations
forms a group which we call SOC(I"). In the planar
case this group is a subgroup of SO(2), so Abelian.
All this is illustrated in the three examples to follow.
The extension to reflections (and thus general point
isometries) is straightforward but not discussed here.

1.1. Coincidence rotations for the square lattice

The square lattice Z* consists of all integral linear
combinations of the two vectors e; and e,. A rotated
copy R Z?, with

R=R(p) = < cos()

— sin(p)
sin(e) ) € SO, R), (2)

cos()

results in a CSL of finite index if and only if both
cos() and sin(yp) are rational. This gives the well-
known relation between coincidence rotations and
primitive Pythagorean triples [13]. The group of co-
incidence rotations is thus given by

SOC(Z% = S0(2,Q). 3)

To investigate this group, we notice that, with ¢ =
v/=1, we can identify Z* with the ring of Gaussian
integers (the integers of the quadratic field Q(2)):

Z? = Z[i] = {m+ni|m,n € Z}, )]
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The ring Z[] has a finite group of units isomorphic
to C4 (namely, 7 and its powers) and has unique prime
factorization up to units [14].

In this setting, a rotation R(p) € SOC(ZZ) cor-
responds to multiplication by a complex number
¥ € Q(7). This number can be written as e’ = o/
with a, 3 € Z[{] coprime and of equal norm. As a
consequence of the unique factorization one can show
[11] that every coincidence rotation can be factorized

as
11 (?) ' )
p=1@) \“P

e¥ =¢-

where n, € Z (only finitely many of them # 0), e is a
unit in Z[7] (a power of ), p runs through the rational
primes congruent to 1 (mod 4) and the w,, W,, are the
(complex conjugate) Gaussian prime factors of p (i.e.,
wpwp, = p). We thus have

SOC(Z%) = SO(2,Q) ~ C, @ ZX° (6)

with generators i for C4 and w, /@, withp = 1(4) for
the infinite cyclic groups.

The coincidence index XY'(R) is the norm of the
denominator of (5), that is,

Ry = JJ o' o)

p=1(4)

In particular, it is 1 for the units (i.e. true symmetry
rotations) and p for the generator w,, /@, The first few
generators with X' > 1 are

4+3i 12+5i 15+8 21+20;
5 13 17 29
354120 40+9i
37 0 41 %@

These have been normalized to have denominator X
(a prime = 1 (mod 4)) and argument in (0, 7/4). All
other CSL rotations are obtained by combinations, as
indicated in eq. (5). We have dealt here with rotation
coincidences only. For the easy extension to reflec-
tions see [11].

It is convenient to summarize the possible coin-
cidence indices and the number of rotations with a
given index by means of a generating function. To do
so, let 4 f(m) denote the number of CSL rotations of
index m. It turns out [11] that f(m) is a multiplicative
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function (i.e., f(mym3) = f(m;)f(m,) for coprime
my, my) so a Dirichlet series $(s) is an appropriate
generating function. We find f(p") = 2 for a prime
power p” (p = 1 (mod 4), » > 1) and obtain

i.f_(m_)

m=1 m?

H (1+%+p%+--->= 11+p_s
p=1(4) p p=i® = P

-1+£+2 2+2+2+2
- 17~ 25¢ 29 * 37s

®(s)

RO
L2, 2.2 4 2
a1° 753 Te1r T o5 T 73

$ores

This generating function is not only a succinct way of
representing the statistics of CSL indices, it is also a
powerful tool for determining their asymptotic prop-
erties [11]. For example, we have used it to show that
the number of CSL rotations of Z* with index < X
is asymptotically 4X /7. The possible CSL indices
are precisely the numbers m with all prime factors
= 1 (mod 4) and we have f(m) = 2%, where a is the
number of distinct prime divisors of m. Each CSL is
itself a square lattice, with the index as the area of its
fundamental domain.

1.2. Coincidence rotations for sixfold symmetry

Before treating twelvefold symmetry (the main aim
of Part 1 of this article) we look at sixfold symmetry.
The triangular (or hexagonal) lattice consists of all
integral linear combinations of the two vectors e
and i(e; + V3ep). It is (up to a scale factor v/2)
the root lattice A, [15]. A rotated copy R A; with
R € SO(2) results in a CSL of finite index if and
only if cos(¢) € Q and sin(p) € v/3 Q. This defines
SOC(A,) as a subgroup of SO(2, Q(v/3)). To further
describe SOC(A;) we notice that A, can be written
as

1
7

with ¢ = 1(1 + iv/3). The lattice A,/Vv2 is there-
fore the ring of integers of the imaginary quadratic
field Q(v/=3), the so-called Eisenstein (or Eisenstein-
Jacobi) integers [14]. It has a finite group of units iso-
morphic to Cg (namely, o and its powers) and unique
prime factorization up to units.

Ay={m+ng|m,neZ}=2Z[] ()
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A rotation R(p) € SOC(A;) corresponds to multi-
plication by a complex number ¢ € Q(v/=3). That
number can be written as e*¥ = o/ with e, 8 € Z[9]
coprime and of equal norm. As a consequence of the
unique factorization one can again show [11] that ev-
ery coincidence rotation can be factorized, this time

as
e =[] (?) ' ©

p=1(3 P

where n, € Z (only finitely many of them # 0), €
is a unit in Z[p] (a power of g), p runs through the
rational primes congruent to 1 (mod 3) and the w,, &,
are the (complex conjugate) Eisenstein prime factors
of p (i.e., wpw, = p). We thus have

SOC(42) = {R € SO(2) | cos(y) € Q,
sin(p) € V3Q } (10
~Cs @ Z™

with generators p for Cs and w, /@, with p = 1 (3)
for the infinite cyclic groups.

As in the previous example, the coincidence index
is 1 for the units and p for the other generators, so for
arotation R(p) factorized as in (9), we have

2(R) = H plnpl_

p=1(3)

(11

The first three generators with ' > 1, normalized
to have denominator X' (a prime = 1 (mod 3)) and
argument in (0, 7/6), are

5+3p 8+7p 16+5p
7 7 137 19 °

Finally, if 6 f(m) denotes the number of CSL rota-
tions of index m, f(m) is multiplicative and one finds
the Dirichlet series generating function [11]

_x=fm) _ 1+p~*
¢(8)—z ms H 1—p—
m=1 p=1(3)
—1+2+2+2+2+2+2
T 70 13¢ 0190 315 374 43¢
+ +o0 4 - + - + 2 +
49¢ 79~ 91 " 97¢

The possible coincidence indices are precisely the
numbers m with all prime factors = 1 (mod3) and
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we have f(m) = 2%, where a is the number of distinct
prime divisors of m. Each CSL A; N RA,; is itself a
scaled version of A;, the scale factor being the square
root of its index X'(R). The number of CSL rotations
with index < X is asymptotically 3v/3X /7.

1.3. Coincidence rotations for twelvefold symmetry

Let us consider a 2D quasicrystal with twelvefold
symmetry, the Stampfli [16] or the square triangle
tiling [17], say. As mentioned earlier, the coincidence
problem splits into two parts: first the coincidence
problem for the underlying Z-module M, and sec-
ond the correction, due to the acceptance domain,
of the coincidence indices obtained in this way [11].
Here we discuss in detail only the first part.

In the complex plane, the twelvefold module [18]
(of rank 4 over Z) can be written as the direct sum
Mp=Z1®ZEDZE®ZE withe =e2/12,
Thus M, is the ring of integers in the cyclotomic
field K = Q(£). Again prime factorization is unique
up to units. Every coincidence rotation (written as
e*? € K) can be factorized as [11]

1) )
M\ " @\ ® p
eiV’ =g LUP P wp P L‘i
— )
II oy oD II Wp

p=1(12) p=£5(12)
(12)

where ¢ is one of the 12 roots of unity in K. The
factorization is more complicated than before, and
we have two independent generators of index p when
p = 1(12) since these primes have four prime factors
in K which form two pairs of complex conjugates.

The index of a rotation R is

SR = [ ptHmED I p¥ml (3)

p=1(12) p=+£5(12)

and the group of coincidence rotations has the form

SOC(Mpp) ~ Cpa®@Z™. (14)

Thus, in spite of the more complicated factorization,
the structure of the coincidence group remains simple,
as indeed it does for all other planar symmetries [11].
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If 12f(m) denotes the number of coincidence ro-
tations of index m, the Dirichlet series generating
function for f(m) is

B(s)=y %
m=1

_ H (1+p_8>2 H (1+p—25>
- — m—s — m—2s
p=1(12) 1 p 1 /4

p=+5(12)
—1+4+2+4+2+4+4
T U135 255 0 375 495 615 73

+ 4 + 4 + 4 + 8 - 4 +
97s 109¢ 157¢ 169¢ 181¢ '

All coincidence modules are scaled versions of M,
and the number of CSL rotations with index < X is
asymptotically 121/3 In(2 + v/3) X /7.

Let us compare these findings with those of the pre-
vious two cases. One would expect the CSL rotations
of 4- and 6-fold symmetry to reappear here (though
possibly with a different index), and this is indeed so
since Q(7) and Q(+/—3) are subfields of K. To go into
more detail, except for 2 and 3, all primes are = +1
or 5 (mod 12). For the square lattice, the generators
of coincidence rotations come from primes p = 1 (4),
therefore = 1 or 5 (mod 12). And for the triangular
lattice, the generators of coincidence rotations come
from primes p = 1 (3), therefore = 1 or —5 (mod
12). It turns out that SOC(Z?) and SOC(A,) together
generate the subgroup of SOC(M ;) consisting of all
coincidences whose indices are squares.

How do these results apply to the coincidence prob-
lem for twelvefold symmetric tilings? Let us assume
that such a tiling is obtained through projection with a
certain window, a dodecagon say [16]. A coincidence
in the set of vertex points occurs if there is a coinci-
dence in the module M, such that the image point in
internal space lies both in the original window and in
an appropriately rotated window. A consequence of
this is that the coincidence group of the tiling is still
SOC(M ;) but the index of each group element is
normally larger than its index in M, by a correction
factor close to 1 (depending on the group element). It
also explains why the set of coinciding points forms a
tiling of slightly different type from the original one,
a small proportion of the points of the original tiling
being missing from it. In fact the term “index" for
the reciprocal of the fraction of coinciding points is
perhaps inappropriate in this setting as it no longer
has a purely algebraic interpretation and is no longer
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an integer. Details of this and the determination of the
rotation angle in internal space by means of algebraic
conjugation are given in [11].

Part 2: Examples in three dimensions

The coincidence problem in three dimensions is
more involved. In particular, the SOC-group, being a
subgroup of SO(3), is in general no longer Abelian.
In what follows, we present two examples where we
can give a complete description of the SOC-group
and its indices through Cayley’s parametrization of
0(3). Since O(3) = SO(3) ®{+£1}, the extension to
reflections is trivial and will not be discussed below.

2.1. Coincidence rotations for cubic lattices

The simplest object to start with is the primitive
cubic lattice, Z>. (The bcc and fec lattices require
only a minimal modification mentioned at the end of
the section.) If we write Z° = Ze, © Ze, ® Ze; it
is immediate that the coincidence group is

SOC(Z% = S0(3,Q) . (15)
(other rotations might also lead to coincidences, but
not to a CSL of full rank 3). The subgroup of rotations
with index 1 is the rotation group of the cube [20] of
order 24, O = SO(3, Z).

To determine the index of a rotation R € SO(3, Q),
we use quaternions [21,22] and Cayley’s parametriza-
tion [22] with 4 coprime integers k, A, i, v

R(k, A\, p,v) =
1 b =2kv +2Xp 26p+2Xv
— | 2kv+2\u bu —2KA +2uv
T \=2kp+2 v 26X +2uv 5,

where 0 = K2+ A2+ p2 + 12, 6y = k2 + A2 — pu? — 12,
6, =K*— XN +p?—1v%and 6, = k? — N2 — p?2 + 12
This gives a double cover of SO(3, Q) (since R(q) =
R(—q)). One can show [23] that the coincidence index
Y(R) is the denominator of R, defined as den(R) =
gcd(r € N | rR integral). It is the “odd part” of o

Z(R) = den(R(k, A\, p,v)) = 0/2°, (16)
where s is the largest integer such that 2° divides o. In
particular, we reproduce the result [12, 2] that X'(R)
runs precisely through all odd integers.
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Cayley’s parametrization has the nice property that
(A, p, v) gives the rotation axis of R(k, A, u, V),

R(K,A,ﬂ,l/) : ()‘HU')V)t = (A,/L, V)t ) (17)

while the rotation angle follows from tr(R) = 1 +
2 cos(ip), so

K2 A2y

K2+ A2+ p2+02

2

cos(p) = (18)

One can easily construct all solutions for small indices
explicitly [3,4, 23], while the case k = 0 gives all CSL
rotations through 180° as described by Liick [13].
If 24 f(m) is the number of CSL rotations of index
m, it is known [24, 23] that f(1) = 1, f(2n) = 0,
f@") = (p+1)p™~! for odd primes, and f(mn) =
f(m)f(n) for m,n coprime (multiplicativity of f).
The corresponding generating function reads
1+p~°

= fm) _
29=2 T Il ==

—1+—4—+—6—+£+2+ 12 + 14 + 24
- 7090 11e

32 5 13¢  15¢
18+20+32+24+30+”'
17*  19%  21° " 23¢  25° ’

and the number of CSL rotations with index < X is
asymptotically 72X?2/n2.

This is not the end of the story. Coincidence rota-
tions of given index m can be collected into equiva-
lence classes of rotations related by the action of O
[24]. This double coset analysis will be described in
[23]. For example, truly different CSL’s of Z> with
the same index occur for the first time at ' = 13.

Also, describing the fine structure of a coincidence
rotation requires an analysis of the lattice planes
perpendicular to the rotation axis. For example, the
(unique) equivalence class for £ = 3 can be repre-
sented by ¢ = (0,1,1, 1), i.e. a rotation through =
around (1, 1, 1)*. Here, three layers are stacked pe-
riodically, with perfect coincidence in one (which is
therefore an ideal grain boundary), but none in the
other two. So this coincidence rotation represents a
change in the stacking sequence.

Finally, let us mention that it is precisely in this
layer structure that the three cubic lattices (primitive,
bec and fec) differ, although the SOC-group and the
index formula are the same for all three.
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2.2. 3D icosahedral modules of rank 6

Icosahedral quasicrystals are of particular interest,
and one would like to know their coincidence struc-
ture in detail [6, 25]. We restrict our discussion to the
investigation of the 3 different 3D icosahedral mod-
ules [26] (of rank 6 over Z) and again omit the deter-
mination of the window correction [23]. We will call
the modules Mg, Mp, Mg for body-centred, primi-
tive and face-centred, respectively. They are spanned
by the orthonormal basis e;, e, e3 with coefficients
a; € Z[1], 7 = (1 ++/5)/2, as follows:

Mg = {30, ie; | 2oy + Taz + a3 = 0(2)},
Mp={:l: € MB|a1+a2+a3 =0 or 7(2)}, (19)
Mep={x e Mp|ai+a+a3 =0(2)}.

Cayley’s parametrization can again be used. Our first
assertion is that the coincidence group is the same for
all three modules [23], namely

SOC(Mp) = SOC(Mp) = SOC(ME)

20)
=80(3, Q(7)).

The unit quaternions (1, 0, 0, 0), 3(1, 1, 1, 1), and
1(r,1,-1/7,0) together with all even permutations
and arbitrary sign flips form a group [27, 19] ¥ of or-
der 120 which is the usual double cover of the icosa-
hedral group Y = {R € SO3,Q(7))| Z(R) = 1}.
The icosian ring [19] I consists of all integral linear
combinations of elements in Y and is a maximal order
with unique (left- or right-) factorization. One finds
the relation SO(3,Q(7)) = {R(q)| ¢ € I}, and our
second assertion is the index formula for a coinci-
dence rotation Ry € SO(3, Q(7)), again for all three
modules:

Z(Ro) =min{N(|lq*) | g € I, R(g) = Ro} (21)

where the argument |g|? on the right hand side is
always a number in Z[7] and its norm is defined by
N(m+n7t) = m*+mn—n?. Theindices ¥ run through
all positive integers of the form m? + mn — n? with
integral m and n. These are the numbers all of whose
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prime factors congruent to 2 or 3 (mod 5) occur with
even exponent only. (They can also be characterized
as the positive numbers of the form 5z — y? with
integral = and y, as used in [25].) For ¥ < 100, one
finds the list of the numbers 1, 4, 5,9, 11, 16, 19, 20,
25,29, 31, 36, 41, 44, 45, 49, 55, 59, 61, 64, 71, 76,
79, 80, 81, 89, 95, 99, 100 — which covers the known
cases [6].

If 60 f (m) is the number of coincidence rotations of
index m, the generating function for the multiplicative
function f(m) starts as

=\ f(m) 5 6 10 24
45(3)=Z————s =l+—d—+—+
~m 9

4575 11°

L2040 30 30 60 64
16° 195~ 20° ~ 25¢ ' 29%  31s
S0 84 120 60 50

M T T TR VeI T T T

(where the denominators show all indices < 50) and
the number of CSL rotations with index < X is
asymptotically 1350v/5In(7)X?/n*. A more com-
plete description of the icosahedral case, which re-
quires a more mathematical treatment, will be given
in [23].

Concluding remarks

Various examples of coincidence problems in two
and three dimensions have been presented together
with their solutions in algebraic terms. Although
proofs have been omitted, we hope this illustrates
the usefulness of the algebraic approach. Many more
cases can be treated similarly though there are open
questions concerning the detailed way a coincidence
is realized in three dimensions (e.g., its layer struc-
ture).

There remains the question of what can be said
in higher dimensions. In dimensions > 4 orthogo-
nal transformations can no longer be parametrized by
quaternions. Nevertheless, two problems look solv-
able: the cubic lattices in arbitrary dimension and the
module H4 in 4-space which is related to a highly
symmetric 4D quasicrystal [28, 29]. We hope to re-
port on these soon.
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